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Overview

This course is an introduction to stochastic calculus with applications in finance (not a course of finance using
some aspects of stochastic calculus!!!). After a review of selected topics in probability theory, including Gaussian
vectors, conditional expectation and continuous-time martingales, we study in detail the central object of the
course: Brownian motion and its fundamental properties. We then develop the integral and differential calculus
associated with this stochastic process. Finally, these tools are applied to continuous-time financial market
modelling, with particular emphasis on the Black-Scholes model and its limits.

Learning objectives

e Understand the main probabilistic tools underlying continuous-time stochastic models.

e  Master the construction and key properties of Brownian motion.

e  Use the [t0 integral and It6 formula in standard stochastic modelling problems.

e Apply stochastic calculus to arbitrage-free pricing, replication and hedging in continuous-time financial
markets.

e Analyse the Black-Scholes model, its pricing formula, sensitivities and main limitations.

Keywords

Brownian motion - stochastic integral - It6 calculus - continuous-time financial market modelling - Black-
Scholes model

Provisional outline

The course consists of around 17 sessions of 3 hours, organized as follows:

Sessions  Topic Content

1-2 Probability review Gaussian vectors; conditional expectation.

3-5 Stochastic processes General notions; Gaussian processes; continuous-time martingales.

6-8 Brownian motion Historical background; definition; construction; simulation; sample-path

properties; construction of the Wiener integral; [t6 formula for Brownian
motion; geometric Brownian motion.

9-10 The stochastic integral Construction of the stochastic integral for step processes; extension to
progressively measurable square-integrable processes.

11-12 Ito processes and stochastic | Itd processes; extended It formula; introduction to stochastic differential
differential equations equations.
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13 Change of probability and Girsanov theorem; martingale representation theorem for Brownian
martingale representation martingales.

14-15 Continuous-time financial Trading strategies; self-financing portfolios; arbitrage; equivalent martingale
market modelling measures; replication of contingent claims; complete markets.

16-17 The Black-Scholes model Black-Scholes PDE; Black-Scholes formula; robustness issues; sensitivities

and Greeks; limitations of the model: extreme events, volatility smiles.

Course material

Course notes: Stochastic Calculus: Applications to Finance — course notes

Course slides: Slides
Course website: Website
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https://drive.google.com/file/d/1V2sR-8E8jmQW-9-oVBCxFgt2vrXSJwal/view
https://drive.google.com/file/d/1fjX7TzoNrRWmpQAWthpt4WvmUPQtBbl7/view
https://sites.google.com/view/chorro-christophe/enseignement

